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Thermoelectric transport in double-Weyl semimetals
Qi Chen∗ and Gregory A. Fiete
Department of Physics, The University of Texas at Austin, Austin, TX, 78712, USA
We study the thermoelectric properties of a double-Weyl fermion system, possibly realized in
HgCr2Se4 and SrSi2, by a semi-classical Boltzmann transport theory. We investigate different relax-
ation processes including short-range disorder and electron-electron interaction on the thermoelectric
transport coefficients. It is found that the anisotropy of the band dispersion for in-plane and out-
of-plane momentum directions affects the relaxation time for transport in different directions. The
transport also exhibits an interesting directional dependence on the chemical potential and model
parameters, differing from a simple isotropic quadratic or linearly dispersing electron gas. By ap-
plying a static magnetic field along the linearly dispersing direction, the longitudinal and transverse
electrical and thermal magneto-conductivity show a similar dependence on the in-plane cyclotron
frequency to the linear dispersing Weyl nodes. By including internode scattering, we find that the
chiral anomaly contribution to the thermoelectric coefficients doubles that of a linearly dispersing
Weyl node in both the semi-classical and quantum regimes. A magnetic field applied along the
quadratically dispersing direction will split the double-Weyl point into two single-Weyl points with
the same chirality.
I. INTRODUCTION
In recent years, topological semimetals have enjoyed
a surge of interest.1 In these systems the isolated Fermi
surfaces or Fermi points support gapless quasiparticle ex-
citations only in the vicinity of isolated band touching
points in the Brillouin zone (BZ). Well-known experimen-
tal examples of the semimetals include linearly dispers-
ing massless Dirac quasiparticles in both two dimensions
(2D) and three dimensions (3D). For example, monolayer
graphene in 2D2–4 and Bi1−xSbx
5–7, Pb1−xSnxTe
8,9, and
Cd3As2
10, Na3Bi
11 in 3D. It is also possible to realize
parabolic semimetals which possess parabolic dispersions
at band touching, e.g., such as Bernal-stacked bilayer
graphene,12 [111] grown LaNiO3 bilayers
13–16, and [111]
grown Y2Ir2O7 films
17 in 2D, and HgTe,8 gray tin,18 and
the normal state at high temperatures for some 227 ir-
radiates, such as Pr2Ir2O7
19–24 in 3Ds. Dirac (Weyl)
semimetals have linearly dispersing excitations [which
obey the 3D Dirac (Weyl) equation] from degenerate
band touching points referred to as Dirac (Weyl) nodes.
For Weyl semi-metals, electronic states around the band
degeneracy points possess a nonzero Berry curvature,
which gives rise to nontrivial momentum space topology.1
In addition to Weyl semimetals, a new 3D topologi-
cal semimetal, termed the double-Weyl semimetal, has
been proposed in materials with certain point-group
symmetries.25,26 The double-Weyl semimetals have band
touching points with quadratic dispersions in two direc-
tions, e.g., the xˆ-yˆ plane, and linear dispersion in the
third direction, e.g. the zˆ direction. The double-Weyl
nodes are protected by C4 or C6 rotation symmetry
and are predicted to be realized in the 3D semimetal
HgCr2Se4 in the ferromagnetic phase, with a pair of
double-Weyl nodes along the ΓZ direction25,27, as well
as in SrSi2.
26. Transport experiments28 in HgCr2Se4
confirm the half-metallic property of HgCr2Se4, in qual-
itative agreement with theory. The (anti-) double-Weyl
node possesses a monopole charge of (−2) + 2, and the
double-Weyl semimetal shows double-Fermi arcs on the
surface BZ25–27. In SrSi2, Weyl nodes with opposite
charges are located at different energies due to the ab-
sence of mirror symmetry26. A one-loop renormaliza-
tion group study29,30 of interacting double-Weyl fermions
shows that there exists a stable fixed point at which the
long-range Coulomb interaction is screened anisotropi-
cally.
Although there has been much work on the electrical
and thermal transport properties of Dirac and semi-Dirac
fermions in 2D7,12,31–38 and Weyl fermions in 3D39–61
(with a particular focus on the case when the Fermi
energy lies at the Dirac or Weyl node), a thermoelec-
tric transport study of the double-Weyl fermion sys-
tem in 3D is still lacking. In this work, we investigate
the electronic contribution to the electrical and thermal
conductivity and thermopower of double-Weyl semimet-
als. The semiclassical Boltzmann equation is applied
to analytically calculate the thermoelectric coefficients
for noninteracting electrons, as well as for relaxation
from electron-electron interactions. Moreover, the dif-
fusive transport coefficients are calculated by consider-
ing short-range disorder within first Born approxima-
tion. For diffusive transport, we find good agreement
in electrical conductivity between Boltzmann and dia-
grammatic approaches. We also investigated the effect
of a static magnetic field along the zˆ direction (linearly
dispersing direction), which preserves the double Weyl
node (a magnetic field applied in the xy-plane splits the
double Weyl node into two single Weyl nodes with the
same chirality). For a magnetic field perpendicular to
the electric field or temperature gradient, the transverse
electrical and thermal conductivity is linear in magnetic
field strength in the weak field regime, while the longi-
tudinal components have a quadratic field dependence
that decreases the magnitude of the thermal conductiv-
ity, similar to the case of a single Weyl point59. For a
magnetic field in parallel with the electric field or tem-
perature gradient, the longitudinal electrical or thermal
2conductivity shows a positive quadratic dependence on
the magnetic field strength, which is the characteristic
feature of Weyl semimetals. We also investigated the
chiral anomaly effect related to the internode scattering
rate. Similar to the linearly dispersing Weyl node, the
thermoelectric coefficients depend on the magnetic field
strength quadratically in the semi-classical regime and
linearly in the quantum regime59,62.
Our paper is organized as follows. In Sec. II, the trans-
port coefficients are obtained by a semiclassical approach
for noninteracting electrons, relaxation from electron-
electron interactions, and short-range disorder. In Sec.
III, the effect of a static magnetic field is investigated
on thermoelectric transport properties. In Sec. IV, we
present conclusions and a discussion of our results. A
comparison to diagrammatic result in diffusive transport
is addressed in the Appendix.
II. THERMOELECTRIC TRANSPORT
QUANTITIES
The non-interacting low energy effective Hamiltonian
for a single double-Weyl fermion system is given by,
Hχ =
k2x − k2y
m
σx +
2kxky
m
σy + χvzkzσz , (1)
wherem is the effective mass in xˆ-yˆ plane, vz is the Fermi
velocity in the zˆ direction, and χ = ±1 represents the
chirality. The spectrum of Eq.(1),
ǫ±(k) = ±
√(
k2x + k
2
y
m
)2
+ (vzkz)
2
, (2)
is linear in zˆ direction and quadratic in xˆ-yˆ plane. The
density of states,
g(ǫ) =
m
~3vz
∣∣∣ ǫ
4π
∣∣∣ , (3)
has a linear dependence on energy. In our work, we
only consider the contribution to the thermoelectric co-
efficients from the electronic degrees of freedom, assum-
ing the temperature is low-enough that phonons make a
negligible contribution. Due to the appearance of a ferro-
magnetic phase in HgCr2Se4
25,27, the magnon contribu-
tion to the thermal transport might become important,
but will be left for future study. Our theory should be di-
rectly applicable to systems without broken time-reversal
symmetry, as well as those with broken time-reversal
symmetry where the itinerant motion of the electrons is
the dominant contribution to the thermal transport.
A. Boltzmann transport theory
In order to calculate thermoelectric properties, we in-
troduce the semiclassical Boltzmann formalism, follow-
ing the notation of Ref. [59]. The electrical current for a
given chirality χ of a double Weyl node is,
Jχ = −e
∫
dkfχ(k, r, t)r˙
−∇×
[
1
β(r)
∫
dk
e
~
Ωχ(k)Log[1 + exp(−β(r)(ǫk − µ))]
]
= −e
∫
dkfχ(k, r, t)
(
1
~
∂ǫk
∂k
+
e
~
E×Ωχ(k)
)
+
(
−∇T
T
)
× e
~
(∫
dkΩχ(k)kBTLog[1 + exp(−β(r)(ǫk − µ))] +
∫
dkΩχ(k)(ǫk − µ)feq
)
, (4)
where e is the electrical charge, ~ is Planck’s constant
devided by 2π, µ is the chemical potential, ǫk is the dis-
persion for quasiparticles with wave vector k, fχ is the
non-equilibrium distribution function for electrons at the
double Weyl point with chirality χ and feq is the equilib-
rium Fermi-Dirac distribution. Here Ωχ = ∇k ×Aχ(k)
is the Berry curvature and Aχ(k) = i〈uχk |∇k|uχk 〉 is the
Berry connection associated with the Bloch state |uχk 〉.
The heat current is given by
JQ,χ = JE,χ − µJχ
=
∫
dk fχ(k, r, t)(ǫk − µ)
(
1
~
∂ǫk
∂k
+
e
~
E×Ωχ(k)
)
+E× kBT
∫
dk
e
~
Ωχ(k)Log[1 + exp(−β(ǫk − µ))]−∇T × ∂MQ
∂T
, (5)
3with the heat magnetization defined as MQ ≡ ME −
µMN
63,64. The explicit expressions for ME and MN
are cumbersome and given in Ref. [63–65]. The
non-equilibrium distribution function fχ(k, r, t) is deter-
mined by the Boltzmann transport equation,
∂fχ(k, r, t)
∂t
+
{
r˙ · ∂f
χ(k, r, t)
∂r
+ k˙ · ∂f
χ(k, r, t)
∂k
}
= Iχcoll {fχ(k, r, t)} , (6)
with
r˙ =
(
1 +
e
c
B·Ωχ(k)
)−1 [
vk + eE×Ωχ(k) + e
c
(Ωχ(k) · vk)B
]
,
p˙ =
(
1 +
e
c
B·Ωχ(k)
)−1 [
eE+
e
c
vk ×B+ e
2
c
(E ·B)Ωχ(k)
]
, (7)
where vk =
1
~
∂ǫk
∂k is the group velocity. The right hand
side of Eq.(6) is a collision integral. If we only consider
intra-node scattering (chiral anomaly effects from inter-
node scattering will be addressed in a later section) in
relaxation time approximation66, then
Iχcoll {fχ(k, r, t)} = −
fχ(k, r, t) − feq
τintra
. (8)
The thermoelectric response is obtained from66
Jα = L
11
αβEβ + L
12
αβ (−∇βT ) ,
JQα = L
21
αβEβ + L
22
αβ (−∇βT ) , (9)
with summation over repeated Greek indices. The longi-
tudinal thermoelectric coefficients are given by66
L11αα = σαα = L0α,
L21αα = TL
12
αα =
−L1α
e
,
L22αα =
L2αα
e2T
, (10)
with
Lnα = e2
∑
s=±
∫
d3k
(2π)3
τ (ǫsk))
(
− ∂f
∂ǫsk
)(
1
~
∂ǫsk
∂kα
)2
×
(ǫsk − µ)n , (11)
where s = ± is the band index. The thermal conductivity
and the Seebeck coefficient (thermopower) are defined as,
καβ = L
22
αβ − L21αγ
(
L11γρ
)−1
L12ρβ , (12)
Sα =
L12αα
L11αα
. (13)
The anomalous transverse response is given by,64,65
L11αβ = σαβ(µ) = −ǫαβγ
e2
~
∑
s
∫
d3k
(2π)3
Ωχγ (k)fs,k,
L12αβ = TL
21
αβ = −
1
e
∫
dǫ
∂f(ǫ)
∂µ
σαβ(ǫ)
ǫ− µ
T
,
L22αβ =
1
e2T
∫
dǫ
(
−∂f(ǫ)
∂ǫ
)
(ǫ− µ)2σαβ(ǫ). (14)
B. Free electron
1. Longitudinal thermoelectric properties
As a first step, we use the semiclassical approach to
calculate the dc conductivity evaluated by the Kubo for-
mula in Ref. [29] by assuming an energy and momentum
independent scattering time:
σdcxx = σ
dc
yy =
me2
3πmvz~3
β
4
∫
dǫǫ2
(
sech2
(
β(ǫ + µ)
2
)
+ sech2
(
β(ǫ − µ)
2
))
τ
π
, (15)
σdczz =
e2mvz
16~3
β
4
∫
ǫdǫ
(
sech2
(
β(ǫ+ µ)
2
)
+ sech2
(
β(ǫ− µ)
2
))
τ
π
. (16)
The dc conductivities show different behaviors in the quantum degenerate limit µkBT ≫ 1,
σdcxx = σ
dc
yy ≈
e2
3πvz~3
τ
π
(
µ2 +
π2
3
(kBT )
2
)
, (17)
σdczz ≈
e2mvz
16~3
|µ| τ
π
. (18)
4In the xˆ-yˆ plane, the longitudinal electrical conductivity
is characterized by a quadratic dependence on both the
temperature and the chemical potential; In the zˆ direc-
tion, the dc conductivity has a Drude peak proportional
to the chemical potential. The thermoelectric coefficients
are obtained in a similar fashion,
L21xx =
e
3πvz~3
β
4
∫
dǫ
(
sech2
(
β(ǫ + µ)
2
)
− sech2
(
β(ǫ − µ)
2
))
ǫ3
τ
π
+µ
e
3πvz~3
β
4
∫
dǫ
(
sech2
(
β(ǫ + µ)
2
)
+ sech2
(
β(ǫ− µ)
2
))
ǫ2
τ
π
, (19)
L21zz =
emvz
16~3
β
4
∫
dǫ
(
sech2
(
β(ǫ + µ)
2
)
− sech2
(
β(ǫ− µ)
2
))
ǫ2
τ
π
+µ
emvz
16~3
β
4
∫
ǫdǫ
(
sech2
(
β(ǫ+ µ)
2
)
+ sech2
(
β(ǫ − µ)
2
))
τ
π
. (20)
At low temperature µkBT ≫ 1,
L21xx ≈ −µ
e
3πvz~3
τ
π
2π2
3
(kBT )
2
,
L21zz ≈ −
emvz
16~3
τ
π
sgn(µ)
π2
3
(kBT )
2
. (21)
By comparing Eq.(21) with Eq.(17), the Mott relation L21αα = −π
2
3e (kBT )
2 ∂σ
dc
αα
∂µ is recovered.
67 For L22, we have
L22xx =
1
3πT~3vz
β
4
∫
dǫ
[
sech2
(
β(ǫ + µ)
2
)
(ǫ+ µ)2ǫ2 + sech2
(
β(ǫ− µ)
2
)
(ǫ− µ)2ǫ2
]
τ
π
, (22)
L22zz =
mvz
16T~3
β
4
∫
ǫdǫ
[
sech2
(
β(ǫ + µ)
2
)
(ǫ + µ)2 + sech2
(
β(ǫ − µ)
2
)
(ǫ − µ)2
]
τ
π
. (23)
At low temperature µkBT ≫ 1,
L22xx ≈
1
3πT~3vz
τ
π
[
µ2
π2
3
(kBT )
2
+
7π2
15
(kBT )
4
]
,(24)
L22zz ≈
mvz
16T~3
τ
π
π2 (kBT )
2
3
|µ|. (25)
By comparing Eq.(24) with Eq.(17), one sees that the
Wiedemann-Franz law, L22αα =
π2k2BT
3e2 σ
dc
αα, is observed up
to leading order in kBT . From Eq.(12), one obtains the
thermal conductivity as,
κxx = κyy ≈ µ
2k2BTτ
9vz~3
(1 +
π2k2BT
2
15µ2
),
κzz ≈ πmvz|µ|τk
2
BT
48~3
. (26)
Combining Eq.(17) and Eq.(21), the thermopower
Sy = Sx =
L21xx
TL11xx
≈ −2π
2k2BT
3eµ
,
Sz =
L21zz
TL11zz
≈ −π
2k2BT
3eµ
, (27)
shows linear dependence on temperature for µkBT ≫ 1.
2. Anomalous transport properties
The anomalous thermoelectric transport properties are
given in Eq.(14) with the Berry curvature in the vicinity
of double Weyl points evaluated as,
Ωχz = χ
2q2⊥vzqz
m2ǫ3
,Ωχx = χ
q2⊥qxvz
m2ǫ3
,Ωχy = χ
q2⊥qyvz
m2ǫ3
, (28)
where q is the momentum in the vicinity of the Weyl
nodes, and q⊥ is the component in the x-y plane. The
anomalous electrical conductivity of a time-reversal sym-
metry (TRS) broken realization of double Weyl semimet-
als when the Fermi energy is at the Weyl nodes is
σAij = 2ǫijl
e2
h
∆kl
π
, (29)
where ∆kl is the separation of double-Weyl nodes with
opposite chirality in the BZ similar to the case of linear
dispersion59. The factor of 2 in front is due to the topo-
logical charge of the double-Weyl point. According to
the Onsager and Mott relation,66
L21ij = TL
12
ij =
−π2
3e
(kBT )
2
(
∂σAij
∂µ
)
= 0. (30)
5The Wiedemann-Franz law also holds for anomalous
transport at low temperature,
L22ij =
π2
3
k2BT
e2
σAij =
2π
3h
k2BT ǫijl∆kl. (31)
Notice that the anomalous thermoelectric coefficients are
proportional to topological charges and do not depend
on the details of band dispersion when the Fermi energy
is at the double-Weyl point. These transport quantities
are dissipationless and Eq.(29)-Eq.(31) also apply to in-
teracting systems68.
C. Electron-electron interactions
The electron-electron interaction effect is significant
near the charge neutral point µ = 0 due to the non-
Fermi liquid behavior for a point-like Fermi “surface”69.
The model Hamiltonian can be separated as
H = H0 +H1, (32)
with the free part given by,
H0 =
∫
d3k
(2π)3
Ψ†(k)
(
k2x − k2y
m
σx +
2kxky
m
σy + χvzkzσz
)
Ψ(k), (33)
and the electron-electron interaction term,
H1 =
1
2
∫
d3k1
(2π)3
d3k2
(2π)3
d3q
(2π)3
Ψ† (k2 − q)Ψ (k2)V (q)Ψ† (k1 + q)Ψ (k1) . (34)
The anisotropically screened Coulomb interaction at long
wavelength is,29,30
V (q) =
4πe2
ǫ (q2⊥ + η |qz |)
, (35)
where η is the anisotropic factor. At low temperature,
due to the critical nature of the system34,40, the relax-
ation time can be obtained from dimensional analysis
similar to the case of linear dispersion40,43. Notice that
in Eq.(35), q2⊥ and |qz | have the same scaling dimension.
As a result, we have
τ⊥ =
A⊥
kBT
, τz =
Az
kBT
, (36)
up to logarithmic corrections,29 for the transverse and
longitudinal relaxation times. The constants Az and A⊥
have a linear dependence on ( e
2
4πǫ )
2. For µkBT ≪ 1, the
longitudinal electrical conductivity is obtained as
σdcxx = σ
dc
yy ≈
πe2(kBT )
2
9vz~3
τ⊥
π
(1 +
3
π2
(
µ
kBT
)2)
=
A⊥e
2kBT
9vz~3
(1 +
3
π2
(
µ
kBT
)2),
σdczz ≈
e2mvz
8~3
τz
π
(kBT )(ln(2) +
1
8
(
µ
kBT
)2)
=
Aze
2mvz
8π~3
(ln(2) +
1
8
(
µ
kBT
)2), (37)
of which the temperature dependence is consistent with
the RG analysis in Ref.[29] up to logarithmic corrections
in temperature. Likewise, other thermoelectric coeffi-
cients can be obtained by replacing the relaxation time
in the free electron case with Eq.(36),
L21xx = L
21
yy ≈ −µ
2πe
9vz~3
τ⊥
π
(kBT )
2
= −µ2A⊥e
9vz~3
kBT,
L21zz ≈ −µ
emvz
8~3
ln(2)
τz
π
(kBT )
= −µAzemvz
8π~3
ln(2), (38)
L22xx = L
22
yy ≈
1
3πT~3vz
τ⊥
π
(
7π4
15
(kBT )
4
+ µ2
π2
3
(kBT )
2
)
=
A⊥
3π2T~3vz
(
7π4
15
(kBT )
3
+ µ2
π2
3
kBT
)
,
L22zz ≈
9ζ(3)mvz
16T~3
τz
π
(kBT )
3
=
9ζ(3)Azmvz
16πT~3
(kBT )
2
. (39)
From Eq.(12), one can obtain the thermal conductivity
as,
κxx = κyy ≈ π(kBT )
4
45vz~3T
τ⊥
π
(7π2 − 15( µ
kBT
)2)
=
A⊥(kBT )
3
45vz~3T
(7π2 − 15( µ
kBT
)2),
κzz ≈ mvz
16T~3
(kBT )
3 τz
π
(9ζ(3)− 2ln(2)( µ
kBT
)2)
=
Azmvz
16πT~3
(kBT )
2(9ζ(3)− 2ln(2)( µ
kBT
)2).(40)
6Combining Eq.(37) and Eq.(38), the thermopower
Sx = Sy ≈ 2Sz ≈ − 2µ
eT
. (41)
Our results for the longitudinal transport quantities in
x-y plane from Eq.(37) to Eq.(40) double that of sin-
gle Weyl node with linear dispersion,59 while the ther-
mopower Sx, Sy and Sz are still independent of model
parameters at µkBT ≪ 1. We emphasize that the results
above assume negligible inter-node scattering, and there-
fore neglect the physics of the chiral anomaly. We will
discuss the case of relevant inter-node scattering in Sec.
III E.
D. Diffusive transport
By doping away from the double-Weyl node, disor-
der effects become more important. Here we assume a
model with short-range impurity scattering potential of
the form
V (r) = u0
∑
a
δ (r− ra) , (42)
where u0 is the disorder potential strength and ra la-
bels the random impurity positions. Here we neglect
electron-electron interactions. By considering the first
Born approximation for electron lifetime under impurity
scattering,
1
τs(k)
=
2πni
~
∫
d3k′
(2π)3
δ (ǫsk − ǫsk′) |Tkk′|2
=
π
2~
u20nig(ǫ), (43)
where Tkk′ = u0〈s,k|s,k′〉 is the scattering matrix el-
ement. The transport lifetime differs from the electron
lifetime and should be anisotropic due to the anisotropy
of the Fermi surface38. By examining the Boltzmann
equation,
−e
~
E·∇kf = 2πni
~
∫
d3k′
(2π)3
δ (ǫk − ǫk′) |Tkk′|2 (f (k′)− f(k)) ,
(44)
with
f(k) ≈ nF (ǫk) + e∂nF
∂ǫ
Λ(k) · E, (45)
we have
vk =
1
τ(k)
Λ(k)
−2πniu
2
0
~
∫
d3k′
(2π)3
δ (ǫk − ǫk′)×
| 〈ǫ(k) |ǫ (k′) 〉 |2Λ (k′) . (46)
The transport lifetime is defined as,
Λα (k
′) = vα (k
′) τ trα (k
′) . (47)
By making the ansatz,
τ trα = λα(ǫ)τ(k), (48)
and plugging Eq.(48) into Eq.(44), we could determine
λα(ǫ) as
λx(ǫ) = λy(ǫ) = 1,
λz(ǫ) = 2, (49)
which gives
τ trx (ǫ) = τ
tr
y (ǫ) =
τ trz (ǫ)
2
= τ(ǫ). (50)
We use Eq.(50) for the relaxation time to calculate ther-
moelectric quantities
σdcxx = σ
dc
yy = e
2
∑
s
∫
d3k
(2π)3
τ trx (ǫsk))
(
− ∂f
∂ǫs
)(
1
~
∂ǫsk)
∂kx
)2
=
8vz~
4
u20mni
me2
3π2mvz~3
β
4
∫
dǫ
(
sech2
(
β(ǫ + µ)
2
)
+ sech2
(
β(ǫ − µ)
2
))
ǫ, (51)
σdczz = e
2
∑
s
∫
d3k
(2π)3
τ trz (ǫsk)
(
− ∂f
∂ǫs
)(
1
~
∂ǫsk
∂kz
)2
=
16vz~
4
u20mni
e2mvz
16π~3
β
4
∫
dǫ
(
sech2
(
β(ǫ + µ)
2
)
+ sech2
(
β(ǫ − µ)
2
))
. (52)
For µkBT ≪ 1,
σdcxx = σ
dc
yy ≈
8e2~
3π2mniu20
kBT (2ln(2) +
1
4
(
µ
kBT
)2),
σdczz ≈
e2v2z~
πniu20
. (53)
7For µkBT ≫ 1,
σdcxx = σ
dc
yy ≈
8e2~
3π2mniu20
|µ|,
σdczz ≈
e2v2z~
πniu20
. (54)
In Appendix A, we calculated the longitudinal electrical
conductivity by a diagrammatic approach including ver-
tex corrections to current operators. Up to leading order
in disorder strength u20ni, the results are in agreement
with Eq.(54).
The other thermoelectric coefficients can be obtained
in the same fashion,
L21xx = L
21
yy = −e
∑
s
∫
d3k
(2π)3
τ trx (ǫsk)
(
− ∂f
∂ǫs
)
(ǫsk − µ)
(
1
~
∂ǫsk
∂kx
)2
=
8vz~
4
u20mni
e
3π2vz~3
β
4
∫
dǫ
(
sech2
(
β(ǫ + µ)
2
)
− sech2
(
β(ǫ − µ)
2
))
ǫ2
+µ
8vz~
4
u20mni
e
3π2vz~3
β
4
∫
dǫ
(
sech2
(
β(ǫ+ µ)
2
)
+ sech2
(
β(ǫ − µ)
2
))
ǫ, (55)
L21zz = −e
∑
s
∫
d3k
(2π)3
τ trz (ǫsk)
(
− ∂f
∂ǫs
)
(ǫsk − µ)
(
1
~
∂ǫsk
∂kz
)2
=
8vz~
4
u20mni
2emvz
16π~3
β
4
∫
dǫ
(
sech2
(
β(ǫ + µ)
2
)
− sech2
(
β(ǫ − µ)
2
))
ǫ
+µ
8vz~
4
u20mni
2emvz
16π~3
β
4
∫
dǫ
(
sech2
(
β(ǫ+ µ)
2
)
+ sech2
(
β(ǫ − µ)
2
))
, (56)
L22xx = L
22
yy =
1
T
∑
s
∫
d3k
(2π)3
τ trx (ǫsk)
(
− ∂f
∂ǫs
)
(ǫsk − µ)2
(
1
~
∂ǫsk
∂kx
)2
=
8vz~
4
u20mni
1
3π2T~3vz
β
4
∫
dǫǫ
[
sech2
(
β(ǫ + µ)
2
)
(ǫ + µ)2 + sech2
(
β(ǫ − µ)
2
)
(ǫ − µ)2
]
, (57)
L22zz =
1
T
∑
s
∫
d3k
(2π)3
τ trz (ǫsk)
(
− ∂f
∂ǫs
)
(ǫsk − µ)2
(
1
~
∂ǫsk
∂kz
)2
=
16vz~
4
u20mni
mvz
16πT~3
β
4
∫
dǫ
[
sech2
(
β(ǫ + µ)
2
)
(ǫ+ µ)2 + sech2
(
β(ǫ − µ)
2
)
(ǫ− µ)2
]
. (58)
For µkBT ≪ 1,
L21xx = L
21
yy ≈ −µ
8e~
3π2niu20m
2ln(2)kBT,
L21zz ≈ 0,
L22xx = L
22
yy ≈
8~
π2niu20mT
3ζ(3) (kBT )
3
,
L22zz ≈
v2z~
πniu20T
π2
3
(kBT )
2
. (59)
For µkBT ≫ 1,
L21xx = L
21
yy ≈ −
8e~
3π2niu20m
π2
3
sgn(µ) (kBT )
2
,
L21zz ≈ 0,
L22xx = L
22
yy ≈
8~
π2niu20mT
|µ|π
2
3
(kBT )
2
,
L22zz ≈
v2z~
πniu20T
π2
3
(kBT )
2
. (60)
8From Eq.(12), one can obtain the thermal conductivity
for µkBT ≪ 1,
κxx = κyy ≈ 8~k
3
BT
2
π2niu20m
(3ζ(3)− 2ln(2)
3
(
µ
kBT
)2),
κzz ≈ v
2
z~
πniu20T
π2
3
(kBT )
2
. (61)
and for µkBT ≫ 1,
κxx = κyy ≈ 8~k
2
BT
9niu20m
|µ|(1 − π
2
3
(
kBT
µ
)2),
κzz ≈ v
2
z~
πniu20T
π2
3
(kBT )
2
. (62)
Combining Eq.(54) and Eq.(60), the thermopower is cal-
culated as,
Sx = Sy =
L21xx
TL11xx
≈ −π
2k2BT
3eµ
,
Sz =
L21zz
TL11zz
≈ 0. (63)
Notice that Sz ≈ 0 due to L21zz = 0 is an artifact in first
Born approximation. A more physical estimate of L21zz
and Sz might be obtained by the self-consistent Born
approximation59.
E. Discussion on transport with no field
Before we move on to the thermoelectric properties
under a magnetic field, we briefly summarize and dis-
cuss the results obtained for the case of zero field. They
are listed in Table I. By comparing the diffusive thermo-
electric transport coefficients with those under electron-
electron interaction, one sees that in the classical limit
µ/kBT ≪ 1, they give rise to a similar temperature de-
pendence in the transport quantities, which means both
collision processes have similar impacts on the thermo-
electric properties at low doping. In real materials, trans-
port will be decided by a mix of all scattering mecha-
nism. If one assumes independent scattering processes,
then according to Matthiessen’s rule, the total scattering
rate is 1/τtotal =
∑
i 1/τi, with τi the rates from differ-
ent relaxation processes. For µ/kBT ≫ 1, we expect
Fermi liquid behavior to hold for double-Weyl fermions.
In this regime, the quasiparticle is well defined and the
thermoelectric transport is dominated by disorder effects
because τdis/τe−e ∼ (kBTµ )2 → 0.
We would like to mention that due to the poor screen-
ing of charged impurities when the system is doped away
from the double-Weyl point, the disorder potential will
be both anisotropic and longer-ranged, which might be-
come dominate for a certain energy range.
III. THERMOELECTRIC TRANSPORT UNDER
MAGNETIC FIELDS
We consider an external magnetic field exerted on two
double Weyl points with opposite chirality due to TRS
breaking,
Hχ =
k2x − k2y
m
σx +
2kxky
m
σy + χvzkzσz , (64)
with an additional Zeeman term,
Hext = gB · σ, (65)
which will not split the double Weyl point into two sin-
gle Weyl points when B is applied in the zˆ-direction.
If applied in the x-y plane it will split the double Weyl
point into two single Weyl points with the same chirality,
and the results of the previous sections that ignore inter-
node scattering will apply. Our focus is on B = Bzˆ. The
Boltzman transport equation, Eq.(6), can be rewritten
as
fχ = feq −
(
1 +
e
c
B ·Ωχ
)−1
τ
(
vp + eE×Ωχ + e
c
(vp ·Ωχ)B
)
·∇rfχ
+
(
1 +
e
c
B ·Ωχ
)−1
τ
(
eE+
e
c
vp ×B+ e
2
c
(B · E)Ωχ
)
· ∇pfχ. (66)
For simplicity, we assumed an isotropic relaxation time
and neglected inter-node scattering. The normal velocity
is given by
vxp =
2kxk
2
⊥
m2ǫ
, vyp =
2kyk
2
⊥
m2ǫ
, vzp =
kzv
2
z
ǫ
. (67)
and the Berry curvature can be approximated as
Ωχx ≈ χ
k2⊥ (vzkx)
m2ǫ3
,Ωχy ≈ χ
k2⊥ (vzky)
m2ǫ3
,Ωχz ≈ χ
2k2⊥ (vzkz)
m2ǫ3
,
(68)
where we have neglected the shift of the double Weyl
node in the presence of a Zeeman term in the weak mag-
netic field limit. Eq.(66) can be solved iteratively in the
linear response regime, and the solutions are examined
9case by case in the following. The magneto-transport
results are summarized in Table. II.
A. B = Bzˆ,E = Ezˆ,∇T = 0
First we consider the electrical transport when the elec-
trical field is parallel to the magnetic field and no tem-
perature gradient is present. Following Ref.[70], we make
the following ansatz in solving the non-equilibrium dis-
tribution function for a given chirality,
fχ = feq +
(
1 +
e
c
B ·Ωχ
)−1
τ
(
eE∇pzfeq +
e2
c
EB (Ω · ∇p) feq
)
+
(
−∂feq
∂ǫ
)
v·Λχ. (69)
with Λχ depending on k⊥ and kz. By plugging Eq.(69) into Eq.(66), one finds
Λχx =
τ eBmcτ
eB
c
2k2
⊥
mǫ Ω
χ
y +
(
τ eBmc
2k2
⊥
mǫ
)2 (
1 + ecB ·Ωχ
)−1
τ eBc Ω
χ
x(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2 eE,
Λχy =
−τ eBmcτ eBc
2k2
⊥
mǫ Ω
χ
x +
(
τ eBmc
2k2
⊥
mǫ
)2 (
1 + ecB ·Ωχ
)−1
τ eBc Ω
χ
y(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2 eE,
Λχz = 0. (70)
The electrical and thermal currents are given by70,71
J = −e
∫
d3p
(2π)3
(
1 +
e
c
B ·Ωχ
)
r˙fχ
= −e
∫
d3p
(2π)3
(
vp + eE×Ωχ + e
c
(vp ·Ωχ)B
)
×(
feq −
(
1 +
e
c
B ·Ωχ
)−1
τ
(
vpz +
e
c
B (Ωχ · vp)
)(
−∂feq
∂ǫ
)
eE +
(
−∂feq
∂ǫ
)
vp·Λχ
)
, (71)
JQ = −e
∫
d3p
(2π)3
(ǫ − µ)
(
1 +
e
c
B ·Ωχ
)
r˙fχ
= −e
∫
d3p
(2π)3
(ǫ − µ)
(
vp + eE×Ωχ + e
c
(vp ·Ωχ)B
)
×(
feq −
(
1 +
e
c
B ·Ωχ
)−1
τ
(
vpz +
e
c
B (Ωχ · vp)
)(
−∂feq
∂ǫ
)
eE +
(
−∂feq
∂ǫ
)
vp·Λχ
)
. (72)
Due to the fact that Ω−χ ≈ −Ωχ, terms linear in Ωχ vanish, and keeping up to order Ω2, the longitudinal current is
given by,
Jz∼=Jzeq + eτ
∫
d3p
(2π)3
(
−∂feq
∂ǫ
)
×

((
vzp
)2
+
(
eB
c
)2 (
vxpΩ
χ
x + v
y
pΩ
χ
y
)2)
eE +
eB
c
eB
c
(
vxpΩ
χ
x + v
y
pΩ
χ
y + v
z
pΩ
χ
z
) (
vxpΩ
χ
x + v
y
pΩ
χ
y
)
1 +
(
τ eBmc
2k2
⊥
mǫ
)2 eE

 . (73)
To further simplify the integrand, we plug Eq.(68) into
Eq.(73) and find
σdczz(B) ≈ 2σdczz(B = 0)
+
2 (~ωc)
2
µ2
2σdczz(B = 0), (74)
where ωc is the cyclotron frequency defined by ωc =
eB
mc ,
which has no dependence on vz . The factor of 2 comes
from the pair of nodes with opposite chirality.
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B. B = Bzˆ,E = 0,∇T = ∇T zˆ
We now turn to the thermal transport with zero electri-
cal field and a temperature gradient parallel to the mag-
netic field. In this case, Eq.(66) in the linear response
regime becomes
fχ ≈ feq−
(
1 +
e
c
B ·Ωχ
)−1
τ
(
vzp +
eB
c
(vp ·Ωχ)
)
∇zT ∂feq
∂T
+
(
1 +
e
c
B ·Ωχ
)−1
τ
eB
c
(
vyp∂pxf
χ − vxp∂pyfχ
)
. (75)
To solve for fχ, we again make the ansatz
fχ = feq −
(
1 +
e
c
B ·Ωχ
)−1
τ
(
vzp +
e
c
(vp ·Ωχ)B
)
∇zT ǫ − µ
T
(
−∂feq
∂ǫ
)
+
(
−∂feq
∂ǫ
)
vp·Λχ. (76)
By plugging Eq. (76) back into Eq. (75), we have
Λχx =
∇zT ǫ−µT τ eBc τ eBmc
2k2
⊥
mǫ Ω
χ
y +∇zT ǫ−µT
(
1 + ecB ·Ωχ
)−1
τ eBc
(
τ eBmc
2k2
⊥
mǫ
)2
Ωχx(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2 ,
Λχy =
−∇zT ǫ−µT τ eBc τ eBmc
2k2
⊥
mǫ Ωx +∇zT ǫ−µT
(
1 + ecB ·Ωχ
)−1
τ eBc
(
τ eBmc
2k2
⊥
mǫ
)2
Ωχy(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2 ,
Λχz = 0. (77)
The electrical and thermal currents are obtained as
J = −e
∫
d3p
(2π)3
(
vp +
e
c
(vp ·Ωχ)B
)
×(
feq −
(
1 +
e
c
B ·Ωχ
)−1
τ
(
vzp +
e
c
(vp ·Ωχ)B
)
∇zT ǫ− µ
T
(
−∂feq
∂ǫ
)
+
(
−∂feq
∂ǫ
)(
vxpΛ
χ
x + v
y
pΛ
χ
y
))
, (78)
JQ = −e
∫
d3p
(2π)3
(ǫ− µ)
(
vp + eE×Ωχ + e
c
(vp ·Ωχ)B
)
×(
feq −
(
1 +
e
c
B ·Ωχ
)−1
τ
(
vzp +
e
c
(vp ·Ωχ)B
)
∇zT ǫ− µ
T
(
−∂feq
∂ǫ
)
+
(
−∂feq
∂ǫ
)(
vxpΛ
χ
x + v
y
pΛ
χ
y
))
. (79)
Up to order Ω2, the longitudinal current is given by
Jz∼=Jzeq + eτ
∫
d3p
(2π)3
(
−∂feq
∂ǫ
)
×

((
vzp
)2
+
(
eB
c
)2 (
vxpΩ
χ
x + v
y
pΩ
χ
y
)2)∇zT ǫ− µ
T
+
eB
c
eB
c
(
vxpΩ
χ
x + v
y
pΩ
χ
y + v
z
pΩ
χ
z
) (
vxpΩ
χ
x + v
y
pΩ
χ
y
)
1 +
(
τ eBmc
2k2
⊥
mǫ
)2 ∇zT ǫ− µT

 .(80)
Notice that we use the fact that Ωχx ∝ kx,Ωχy ∝ ky,Ωχz ∝
kz, v
x
p ∝ kx, vyp ∝ ky, vzp ∝ kz to simplify the integrand.
To further simplify Eq.(80), we use Eq.(68) and find
Lzz12(B) = 2L
zz
12(B = 0) +
2 (~ωc)
2
µ2
2Lzz12(B = 0). (81)
Likewise, the longitudinal thermal current is derived as
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JQz
∼=JQeq,z + eτ
∫
d3p
(2π)3
(ǫ − µ)
(
−∂feq
∂ǫ
)
×

((
vzp
)2
+
(
eB
c
)2 (
vxpΩ
χ
x + v
y
pΩ
χ
y
)2)∇zT ǫ− µ
T
+
eB
c
eB
c
(
vxpΩ
χ
x + v
y
pΩ
χ
y + v
z
pΩ
χ
z
) (
vxpΩ
χ
x + v
y
pΩ
χ
y
)
1 +
(
τ eBmc
2k2
⊥
mǫ
)2 ∇zT ǫ− µT

 ,
(82)
and
Lzz22(B) = 2L
zz
22(B = 0) +
2 (~ωc)
2
µ2
2Lzz22(B = 0). (83)
We find that the longitudinal component of L12 and
L22 have the same dependence on cyclotron frequency
and chemical potential as electrical conductivity, which
means the Mott relation and Wiedemann-Franz law are
preserved. The thermal conductivity has the same de-
pendence on magnetic field strength and zero field coun-
terpart as L11, L12 and L22:
κzz(B) ≈ 2κzz(B = 0) + 2 (~ωc)
2
µ2
2κzz(B = 0). (84)
C. B = Bzˆ,E = Exˆ,∇T = 0
For probing fields (E and ∇T ) being perpendicular to
magnetic field, we first consider the case with zero tem-
perature gradient. Following previous sections, the solu-
tion for distribution function reads
fχ = feq+
(
1 +
e
c
B ·Ωχ
)−1
τeE∇pxfeq+
(
−∂feq
∂ǫ
)
vp·Λχ,
(85)
with
Λχx =
(
1 + ecB ·Ωχ
)−1
τ
(
τ eBmc
2k2
⊥
mǫ
)2
eE(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2 ,
Λχy =
−τ2 eBmc
2k2
⊥
mǫ eE(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2 ,
Λχz = 0. (86)
The electrical current and thermal current are calculated
in the linear response regime as
J = −e
∫
d3p
(2π)3
(
1 +
e
c
B ·Ωχ
)
r˙fχ
≈ −e
∫
d3p
(2π)3
(
vp +
e
c
(vp ·Ωχ)B
)
×
feq − vxp
(
1 + ecB ·Ωχ
)−1
τ
(
1 + ecB ·Ωχ
)2
(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2
(
−∂feq
∂ǫ
)
eE − vyp
τ2 eBmc
2k2
⊥
mǫ(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2
(
−∂feq
∂ǫ
)
eE


−e2
∫
d3p
(2π)3
E×Ωfeq, (87)
JQ =
∫
d3p
(2π)3
(ǫ − µ)
(
1 +
e
c
B ·Ωχ
)
r˙fχ
≈
∫
d3p
(2π)3
(ǫ − µ)
(
vp +
e
c
(vp ·Ωχ)B
)
×
feq − vxp
(
1 + ecB ·Ωχ
)−1
τ
(
1 + ecB ·Ωχ
)2
(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2
(
−∂feq
∂ǫ
)
eE − vyp
τ2 eBmc
2k2
⊥
mǫ(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2
(
−∂feq
∂ǫ
)
eE


+e
∫
d3p
(2π)3
(ǫ − µ)E×Ωχfeq. (88)
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First we consider the longitudinal components. By ex-
pansion up to linear order in ecB · Ω and resorting to
Ωχ ≈ −Ω−χ, we could skip linear terms in Ωχ due to
summation over opposite chirality contribution. The lon-
gitudinal conductivity is evaluated as
σdcxx(B) =
3
(
2ωcτ − arcsinh(2ωcτ)√
1+(2ωcτ)
2
)
2 (2ωcτ)
3 2σ
dc
xx(B = 0)
≈
(
1− 16 (ωcτ)
2
5
)
2σdcxx(B = 0), (89)
which turns out to decrease with the growth of magnetic
field strength similar to the single Weyl point59. Like-
wise, the transverse conductivity can be derived as
σdcyx =
3π
8
(
−2 + (2τωc)2 + 2√
1+(2τωc)
2
)
(2τωc)
3 2σ
dc
xx(B = 0)
+σAyx
≈ 9π (ωcτ)
16
2σdcxx(B = 0)− 2
e2
h
2gB
π
. (90)
D. B = Bzˆ,E = 0,∇T = ∇T xˆ
Finally, we investigate the case with zero electrical
field and a perpendicular temperature gradient to the
magnetic field. The steady state distribution function is
shown to be
fχ = feq −
(
1 +
e
c
B ·Ωχ
)−1
τvx∇xfeq +
(
−∂feq
∂ǫ
)
v·Λχ,
(91)
with
Λχx =
(
1 +
e
c
B ·Ω
)−1
τ
(
τ eBmc
2k2
⊥
mǫ
)2
∇xT ǫ−µT(
1 + ecB ·Ω
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2 ,
Λχy = −
τ2 eBmc
2k2
⊥
mǫ ∇xT ǫ−µT(
1 + ecB ·Ω
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2 ,
Λχz = 0. (92)
The electrical and thermal currents are found to be
J = −e
∫
d3p
(2π)3
(
1 +
e
c
B ·Ωχ
)
r˙fχ
= −e
∫
d3p
(2π)3
(
vp +
e
c
(vp ·Ωχ)B
)
feq
+e
∫
d3p
(2π)3
(
vp +
e
c
(vp ·Ωχ)B
)(
−∂feq
∂ǫ
)
×
vxp (1 + ecB ·Ωχ
)−1
τ
∇xT ǫ−µT
(
1 + ecB ·Ωχ
)2
(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2 + vyp τ2 eBmc
2k2
⊥
mǫ ∇xT ǫ−µT(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2

 , (93)
JQ = −e
∫
d3p
(2π)3
(ǫ − µ)
(
1 +
e
c
B ·Ωχ
)
r˙fχ
= −e
∫
d3p
(2π)3
(ǫ − µ)
(
vp +
e
c
(vp ·Ωχ)B
)
feq
+e
∫
d3p
(2π)3
(ǫ − µ)
(
vp +
e
c
(vp ·Ωχ)B
)(
−∂feq
∂ǫ
)
×
vxp (1 + ecB ·Ωχ
)−1
τ
∇xT ǫ−µT
(
1 + ecB ·Ωχ
)2
(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2 + vyp τ2 eBmc
2k2
⊥
mǫ ∇xT ǫ−µT(
1 + ecB ·Ωχ
)2
+
(
τ eBmc
2k2
⊥
mǫ
)2

 . (94)
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Again we expand up to linear order in ecB · Ωχ and resorting to Ωχ ≈ −Ω−χ, the longitudinal and transverse
components of thermoelectric response coefficients in the weak field regime are obtained as
L12xx(B) ≈
(
1− 16 (ωcτ)
2
5
)
2L12xx(B = 0), (95)
L22xx(B) ≈
(
1− 16 (ωcτ)
2
5
)
2L22xx(B = 0), (96)
L12yx(B) ≈
9πωcτ
16
2L12xx(B = 0), (97)
L22yx(B) ≈
9πωcτ
16
2L22xx(B = 0)−
2π
3h
k2BT (2gB),
(98)
which also have the same dependence on ωc and µ as
the electrical conductivity obtained in III C. The thermal
conductivity are found to be
κxx(B) ≈ 2κxx(B = 0)− 16 (ωcτ)
2
5
2κxx(B = 0),
κxy(B) ≈ 9πωcτ
16
2κxx(B = 0)− 2π
3h
k2BT (2gB).
(99)
E. Anomalous chiral current and chiral magnetic
effects
In the above sections, we neglected the internode scat-
tering effects, which turns out to be important for chiral
anomaly related transport62,72,73. In the regime where
the elastic intranode scattering time τ is the shortest re-
laxation time in the problem, one can neglect the intra-
node anisotropy of the electron distribution and describe
the system with an energy dependent distribution func-
tion fχǫ (r, t)
72. The chiral anomaly effect is summarized
in the kinetic equation
∂
∂t
fχǫ (r, t) +∇r · jχ(ǫ, r, t)−
kχ
gχ(ǫ)
e
(2π~)2c
B·∂f
χ
ǫ (r, t)
∂r
= −δf
χ
ǫ (r, t)
τI
, (100)
derived in Ref. [62 and 72], where
kχ =
1
2π~
∫
Ωχ · dS (101)
is the quantized flux (or chiral charge) of the Berry cur-
vature through the constant energy surface. kχ = 2χ
for the double-Weyl node with given chirality χ, τI is
the internode relaxation time, and gχ(ǫ) is the modified
density of states with chirality χ given by,
gχ(ǫ) =
∫
d3p
(2π~)3
(
1 +
e
c
B ·Ωχ
)
δ (ǫp − ǫ) . (102)
For simplicity, we assumed µ > 0 and only consider the
conduction band and,
jχ(ǫ, r, t) = fχǫ (r, t)
∫
d3p
(2π~)3
×
(
vp + eE×Ωχ + e
c
(vp ·Ωχ)B
)
δ (ǫp − ǫ) ,
(103)
is the particle flux density at a given energy ǫ and chiral-
ity χ. In the spatially homogeneous case, the deviation
of the steady state distribution function from equilibrium
is solved in the linear response regime of applied field (E
and ∇T , respectively) as,
δfχǫ = −
kχ
gχ(ǫ)
e2τ
(2π~)2c
(E ·B)∂f
χ
ǫ
∂ǫ
, (104)
δfχǫ = −
kχ
gχ(ǫ)
eτ
(2π~)2c
B· (ǫ− µ)(−∇T )
T
∂fχǫ
∂ǫ
, (105)
with gχ(ǫ) ≈ m|ǫ|4π~3vz . For
µ
kBT
≫ 1, the thermoelectric
coefficients are summarized in Table. III. In the non de-
generate limit µkBT ≪ 1, inelastic scattering of electrons
may no longer be ignored and the approach based on
quasi-classical Boltzmann equation could break down at
low energies72.
The above results are valid for µ≫ ~ωc with TRS bro-
ken. In the opposite ultraquantum limit ωcτtr ≫ 1, µ <
~ωc, we need to consider the lowest Landau level con-
tribution to the magnetoconductivity in TRS preserving
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FIG. 1. Landau level spectrum for double-Weyl fermion under
magnetic field. The lowest Landau levels are both chiral and
doubly degenerate.
case. The Landau level spectrum is given by,
En = ±
√
n(n− 1)(~ωc)2 + v2z (~kz)2, n ≥ 2.
E0,1 = χvz~kz , (106)
which turns out to be analogous to 2D bilayer
graphene74. In particular, the lowest Landau level has
doubly degenerate chiral modes (Fig. 1). According to
the analysis of Ref. [39 and 62], the anomalous magne-
toconductivity for µkBT ≫ 1 is a direct consequence of
the anomalous E ·B term in linear response, which is
calculated as
σzz = 2
e3Bvz
4π2~2c
τI . (107)
The factor of 2 compared to the Weyl point with lin-
ear dispersion results from the double degeneracy (chiral
charge) of the chiral modes. Eq.(107) could also be ob-
tained from the kinetic equation Eq.(100) with the den-
sity of states for lowest Landau levels given by
gχ(ǫ) =
1
LxLyLz
∑
kz
δ (ǫ− vzkz) 2Nφ = eB
2π2~2cvz
,
(108)
where Nφ =
eBLxLy
2π~c is the number of single particle
states in a given Landau level. Similarly, other thermo-
electric coefficients are obtained in Table. III.
Another related phenomenon due to the role of double-
Weyl points as source and sink for Berry curvature is the
chiral magnetic effect75–77. If one looks at the right hand
side of Eq. (103), the first and second terms give rise
to normal and anomalous current respectively, while the
third term causes the chiral magnetic effect. The chiral
current for each node is given by
J
χ
C = e
∫
d3p
(2π~)3
e
c
(
Ωχp · vp
)
Bfχp , (109)
at zero temperature,
Jχ,zC =
2χe2
4π2~2c
µχBz . (110)
Notice that the magnetic field has to point in the z-
direction to preserve (i.e., not split) the double weyl
nodes. This means the chemical potential imbalance
between double-Weyl nodes will drive current flow even
without electrical field. The proportional constant dou-
bles the contribution from linearly dispersingWeyl nodes.
IV. CONCLUSION AND DISCUSSION
In our work, we have investigated the electronic con-
tribution to the thermoelectric properties of the dou-
ble Weyl semimetal system mainly via the semiclassi-
cal Boltzmann transport formalism. We found that the
in-plane and out-of-plane longitudinal transport coeffi-
cients have different dependence on the temperature due
to the anisotropy in the band dispersion. The anoma-
lous transport coefficients are doubled due to the dou-
bling of topological charge. We also considered both
the electron-electron interaction effects and the diffusive
transport with short-ranged disorder potential. By dop-
ing away from the nodal point, the diffusive thermoelec-
tric transport quantities have an interesting directional
dependence on both the chemical potential and model
parameters. We confirmed our results at zero temper-
ature by comparison to the diagrammatic approach in-
cluding the vertex correction by a ladder sum. When ap-
proaching the charge neutral point (low doping), the an-
isotropically screened electron-electron interaction leads
to linear dependence of relaxation rate on temperature
(up to logarithmic corrections). As a result, the temper-
ature dependence of thermoelectric properties reduces by
one power of kBT compared to the noninteracting case.
Our dissipative thermoelectric transport results under
different relaxation processes indicate that the double
Weyl node can be distinguished from the linearly dis-
persing Weyl node by examining the difference in tem-
perature and chemical potential dependence between the
in-plane and out-of-plane response coefficients.
By applying a static magnetic field in the linear dis-
persing direction, we find positive electrical (thermal)
magneto-conductivity if the electrical field (temperature
gradient) is in parallel with the magnetic field similar
to the case of single Weyl point. When the electrical
field (temperature gradient) is applied perpendicular to
the magnetic field, we find that the in-plane longitudinal
electrical (thermal) conductivity pick up a negative con-
tribution quadratic in magnetic field strength, while the
transverse components receives odd power corrections in
magnetic field strength. In our work, we did not empha-
size the effect of spatial anisotropy in scattering events,
especially when the probing field (E and∇T ) are perpen-
dicular to each other. In this case, the collision term will
become more complicated and the distribution function
can not be readily solved in general.
In considering the magnetic field effects, the semiclassi-
cal approach we used is valid when the chemical potential
is away from the band touching point. In the ultraquan-
15
tum limit (µ≪ ~ωc), the semi-classical approach breaks
down. Due to the chiral nature of doubly degenerate
lowest Landau levels, the chiral anomaly contribution to
the longitudinal thermoelectric coefficients doubles that
of the single Weyl point.
In real materials, HgCr2Se4 has two kinds of band
crossings close to the Fermi level (∆E ∼ 0.01eV), i.e.
a closed loop surrounding the Γ point and two double-
Weyl points located along the Γ−Z line27. Both of them
will affect the measurement of thermoelectric transport
properties. But it turns out that the loop crossing is not
as stable as the nodal point and can be eliminated by
changing the crystal symmetry27. On the other hand,
the energy separation of double-Weyl points in SrSi2
(∆E ∼ 0.1eV)26 suggest itself to be a promising plat-
form for chiral anomaly transport measurement.
To sum up, our results might be applied in the search
for real materials that possess double-Weyl points near
the Fermi surface, as well as a motivation for the ex-
perimental study of the thermoelectric properties of this
particular band dispersion. Our main results are sum-
marized in Tables I, II and III.
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Appendix A: DIAGRAMMATIC APPROACH OF
DIFFUSIVE TRANSPORT
In this section, we calculate the diffusive electrical
transport by a diagrammatic approach, which is similar
to the case of the two dimensional semi-Dirac spectrum38.
To lowest order in the disorder strength, the self-energy
is given by
Σˆ(k, ω) =
∫
d3k′
(2π)3
V (k′)V (−k′)Gˆ (k− k′, ω) , (A1)
where V (k) is the Fourier transform of disorder poten-
tial. The over line denotes a statistical average over re-
alizations of the random potential and
Gˆ(k, ǫF ) =
−ǫF − k
2
x−k
2
y
m σx −
2kxky
m σy − vzkzσz
−ǫ2F + ǫ(k)2
, (A2)
is the noninteracting Green’s function in spinor represen-
tation. The bare current operators are,
jx = 2
(
kx
m
σx +
ky
m
σy
)
,
jy = −2
(
ky
m
σx − kx
m
σy
)
,
jz = vzσz . (A3)
The imaginary part of the retarded/advanced self-energy
is obtained as,
ImΣˆR/A(k, ǫF ) =
u20niπ
2
2(2π)3
m
vz
×
∫
dǫ2Im
(−ǫF ∓ i0+)
ǫ2 − ǫ2F ∓ 2ǫF i0+
= ∓u20ni
1
16
m
vz
|ǫF |. (A4)
As jx and jy are odd in momentum, there are no vertex
corrections in the x and y directions:
Jx = jx, Jy = jy. (A5)
Thus, the in-plane longitudinal electrical conductivity at
zero temperature is evaluated as78
σxx =
~
2πV
ReTr
[
jx(k)G
R (k, ǫF ) jx(k)G
A (k, ǫF )
]
≈ 8~
3π2u20nim
|ǫF | , (A6)
17
Jα(k)
a
b
= jα(k)
a
b
+ Jα(k
′)
GR(k′)
GA(k′)
niu
2
0
a
b
FIG. 2. (Color online) Vertex corrections to the current operator Jα(k) by the ladder sum. jα(k) is the bare current operator
and each ladder is given by the disorder strength niu
2
0. a, b are labels of spinor indices.
up to lowest order in disorder strength–in agreement with
Eq.(54). For conductivity in the z-direction, we need to
consider the vertex correction by the ladder sum in Fig.
2 as,
Jz(k) = jz(k) + Jz(k)Π(k)niu
2
0
⇒ Jz(k) = jz(k)
(
I ⊗ I − niu20Π(k)
)−1
(A7)
where
Π (ǫF ) =
∫
d3k
(2π)3
GR (k, ǫF )⊗GA (k, ǫF )T
≃
∫
k⊥dk⊥dkzdα
(2π)3
π
δ
(
ǫ2 − ǫ2F +
(
u2
0
nim
16vz
)2
ǫ2F
)
2
u2
0
nim
16vz
ǫ2F
×
[
ǫ2F
(
1 +
(
u20nim
16vz
)2)
I ⊗ I + k
4
⊥
m2
cos(2α)2σx ⊗ σx − 4k
4
⊥ cos(α)
2 sin(α)2
m2
σy ⊗ σy + (vzkz)2 σz ⊗ σz
]
=
1
2u20ni
[(
1 +
(
u20nim
16vz
)2)
I ⊗ I + 1
4
(
1−
(
u20nim
16vz
)2)
(σx ⊗ σx − σy ⊗ σy) + 1
2
(
1−
(
u20nim
16vz
)2)
σz ⊗ σz
]
(A8)
Then
[
I ⊗ I − niu20Π(k)
]−1 · σz = 1
1− 12
(
1 +
(
u2
0
nim
16vz
)2)σz. (A9)
Pluggin Eq.(A9) back into Eq.(A7), we find,
Jz(k) =
1
1− 12
(
1 +
(
u2
0
nim
16vz
)2)vzσz. (A10)
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The longitudinal electrical conductivity in z direction can be evaluated as
σzz =
~
2π
Tr [Jz ·Π · jz ] = ~
2πu20ni
Tr [(Jz − jz) · jz]
=
~v2z
πu20ni
1
2
(
1 +
(
u2
0
nim
16vz
)2)
1− 12
(
1 +
(
u2
0
nim
16vz
)2)
≈ ~v
2
z
πu20ni
, (A11)
which is also in agreement with Eq.(54).
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αα σαα καα Sα
Free electron xx e
2
3pivz~3
τ
pi
(
µ2 + pi
2
3
(kBT )
2
)
µ2k2BTτ
9vz~3
(1 +
pi2k2BT
2
15µ2
) −
2pi2k2BT
3eµ
µ
kBT
≫ 1 zz e
2mvz
16~3
|µ| τ
pi
pimvz |µ|τk
2
BT
48~3
−
pi2k2BT
3eµ
xx pie
2
9vz~3
(kBT )
2 τ
pi
(
1 + 3
pi2
(
µ
kBT
)2)
τ(kBT )
4
45vz~3T
(
7pi2 − 15
(
µ
kBT
)2)
− 2µ
eT
µ
kBT
≪ 1 zz e
2mvz
8~3
kBT
τ
pi
(
ln(2) + 1
8
(
µ
kBT
)2)
mvzτ
16piT~3
(kBT )
3
(
9ζ(3)− 2ln(2)
(
µ
kBT
)2)
− µ
eT
e-e interaction xx A⊥e
2kBT
9vz~3
(1 + 3
pi2
( µ
kBT
)2) A⊥(kBT )
3
45vz~3T
(7pi2 − 15( µ
kBT
)2) − 2µ
eT
µ
kBT
≪ 1 zz Aze
2mvz
8pi~3
(ln(2) + 1
8
( µ
kBT
)2) Azmvz
16piT~3
(kBT )
2(9ζ(3)− 2ln(2)( µ
kBT
)2) − µ
eT
Diffusion xx 8e
2
~
3pi2mniu
2
0
|µ|
8~k2BT
9niu
2
0
m
|µ|(1 − pi
2
3
( kBT
µ
)2) −
pi2k2BT
3eµ
µ
kBT
≫ 1 zz
e2v2z~
piniu
2
0
v2z~
piniu
2
0
T
pi2
3
(kBT )
2 0
xx 8e
2
~
3pi2mniu
2
0
kBT (2ln(2) +
1
4
( µ
kBT
)2)
8~k3BT
2
pi2niu
2
0
m
(3ζ(3) − 2ln(2)
3
( µ
kBT
)2) − µ
eT
µ
kBT
≪ 1 zz
e2v2z~
piniu
2
0
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piniu
2
0
T
pi2
3
(kBT )
2 0
TABLE I. Transport coefficients for different collision mechanism in the absence of a magnetic field. Here σαα is the electrical
conductivity, καα the thermal conductivity, and Sα the Seebeck coefficient, with spatial components labeled by α.
αβ σαβ καβ
B = Bzˆ,E = Ezˆ or ∇T = ∇T zˆ zz (1 + 2(~ωc)
2
µ2
)2σdczz(B = 0) (1 +
2(~ωc)
2
µ2
)2κzz(B = 0)
xy 0 0
B = Bzˆ,E = Exˆ or ∇T = ∇T xˆ xx
(
1− 16(ωcτ)
2
5
)
2σdcxx(B = 0)
(
1− 16(ωcτ)
2
5
)
2κxx(B = 0)
xy
9pi(ωcτ)
16
2σdcxx(B = 0)− 2
e2
h
2gB
pi
9piωcτ
16
2κxx(B = 0)−
2pi
3h
k2BT (2gB)
TABLE II. Thermoelectric transport coefficients in the semi-classical regime µ ≫ ~ωc with static magnetic field applied in z
direction. Here σαβ is the electrical conductivity and καβ the thermal conductivity with spatial components labeled by α, β.
σzz κzz Sz
µ≫ ~ωc,
µ
kBT
≫ 1 2 e
2B2
pi2~c
e2
mµ
vz
c
τI 2
e2B2
pi2~c
vz
mc
τI
pi2
3
kB
(
kBT
µ
− pi
2
3
(
kBT
µ
)3)
−
pi2k2BT
3eµ
µ≪ ~ωc,
µ
kBT
≫ 1 2 e
3Bvz
4pi2~2c
τI
evzB
2pi2~2c
τI
pi2
3
k2BT 0
TABLE III. Anomalous thermoelectric transport coefficients with static magnetic field applied in z direction. Here σ is the
electrical conductivity, κ the thermal conductivity, and S the Seebeck coefficient.
